determined by its coordinate of distances to the vertices in W . The minimum cardinality of a resolving set of G is called the metric dimension of G. In this paper, we consider a graph which is obtained by the composition product between two graphs. The composition product of graphs G and H, denoted by G [H], is the graph with vertex set where (a, v) adjacent with (b, w) whenever ab ∈ E(G), or a = b and vw ∈ E(H). We give a general bound of the metric dimension of a composition product of any connected graph G and a star. We also show that the bound is sharp.
Introduction
Throughout this paper, all graphs are finite, simple, and connected. Let G be a graph. We denote by V G or V the vertex set of G, and E G or E the edge set of G.
The metric dimension were first studied by Harary and Melter [8] , and independently by Slater [16, 17] . The basic parameter for this topic is the distance of two vertices in a graph. For any two distinct vertices u, v ∈ V (G), the distance d G (u, v) We call W as a resolving set if r (u|W ) ̸ = r (v|W ) for every two distinct vertices u, v ∈ V (G). A resolving set of G with minimum cardinality is called basis, and its cardinality is called metric dimension of G, and denoted by β(G).
Trivially, if G is a graph of order n, then β(G) ≤ n, by taking all vertices of G to be a resolving set. However, we may obtain a resolving set whose cardinality is less than n. Chartrand et al [5] showed that β(G) = 1 if and only if G ∼ = P n . Furthermore, they proved that K n is the only graph G with β (G) = n − 1. They also proved that β (G) = n − 2 if and only if G is K r,s for r, s ≥ 1,
Since there is no polynomial time algorithm which can be used to determine the metric dimension of any graph, many researchers consider this problem for some particular classes of graphs. Some classes of graph whose metric dimension have been known are cycles [6] , trees [5, 8, 10] , stars [5, 8, 10] , wheels [2, 3, 15] , complete multipartite [5, 14] , unicylic graphs [12] , Cayley graphs [7] , and regular graphs [1] .
Determining a relation, in terms of metric dimension, between the origin graph and the resulting graph under a graph operation is also interesting to be considered. Some results on joint product graph have been proved in [2, 4, 3, 15] . Caceres et. al. [3] , Khuler et. al. [10] , Melter [11] , and Saputro et. al. [14] showed the metric dimension of some graphs which obtained from the cartesian product between two or more graphs. Some graphs which constructed from the corona product between two graphs, have been investigated in [9, 18] . The metric dimension of the composition product graphs have been studied in [13] .
In the previous result [13] , we proved the general bounds of the metric dimension of a composition product G[H] of a connected graphs G and H. We also show that the bounds are tight. In this paper, we determine a general bound of the metric dimension of a composition product of any connected graph G and a star. We can show that the upper bound of a composition product of any graph G and a star is less than the upper bound of G [H] . We also show that the bound is sharp. Figure 1 . Figure 1 . The composition product of P 3 and S 3 Saputro et. al. [13] have proved the general bounds of β (G [H]) for any connected graphs G and H. They also show that the bounds are tight.
Main Results

The composition product of graph G and H, denoted by G [H], is the graph with vertex set
Theorem 2.1. [13] Let G and H be connected graphs with |V (G)| ≥ 1 and
Now, for m ≥ 3, we consider H ∼ = S m , a star with m + 1 vertices. We show that we can reduce the general bounds in Theorem 2.1 above, for H is a star.
Lemma 2.2. [13] Let G and H be connected graphs with |V
(G)| ≥ 1 and |V (H)| ≥ 2. For any vertex a ∈ V (G), let H (a) = {(a, v) |v ∈ V (H)} be the subset of V (G[H]). Let W be a basis of G[H]. If S a = W ∩ H(a), then S a ̸ = ∅. Moreover, if B is a basis of H, then |S a | ≥ |B|.
Considering Lemma 2.2 and H ∼ = S m , then β(G[H]
) is equal to the lower bound of Theorem 2.1.
Next, we consider a joint graph 
Proof. Let
, we obtain r(v|W ) ̸ = r(s m |W ). Therefore, W is a resolving set of H + K 1 . Now, suppose that β(H + K 1 ) ≤ m − 1. Let S be a basis of H + K 1 . Then we have two cases of S as follows.
In the theorem below, we show the general upper bounds for β (G [H] ) where H is a star. We can see that the upper bound is less than the general upper bound in Theorem 2.1.
Theorem 2.4. For m ≥ 3, let G be a connected graph, and H
Proof. By Lemma 2.3, n · β (H + K 1 ) − 1 = nm − 1. Now, we will show that there exists a resolving set of nm − 1 vertices.
Let V (H) = {u} ∪ {s i |1 ≤ i ≤ m} and E (H) = {us i |1 ≤ i ≤ m}. Let P be a longest shortest path between two vertices in G. Let b be an end point of P .
We will show that W is a resolving set.
Let x, y ∈ V (G) and x ̸ = y. We consider two conditions.
(1) (x, s m ) and (y,
Let c ∈ V (P ) and bc ∈ E(G).
By applying Theorems 2.1 and 2.4 above, we obtain the general bounds of β (G [H]) with H ∼ = S m as stated below. 
In the next two theorems, we prove that the upper bound and the lower bound in Theorem 2.5 above are the best possible.
Theorem 2.6. For m ≥ 3, let G be a connected graph, and H
Proof. For n ≥ 4, let G ∼ = P n with V (G) = {p 1 , p 2 , . . . , p n }. By Theorem 2.5, we only need to show that β (G [H]) ≤ n · β (H). In [5, 8, 10] , the metric dimension of star of m + 1 vertices is m − 1.
Let
). We will show that W is a resolving set. For a 1 , a 2 ∈ V (G) and b 1 , b 2 ∈ V (H), we consider two possibilities of (a 1 , b 1 ) and (a 2 , b 2 ) for b 1 , b 2 ∈ {s m , u}.
Theorem 2.7. For m ≥ 3, let G be a connected graph, and
Proof. For n ≥ 3, let G ∼ = K n . By Theorem 2.5, we only need to show that [5, 8, 10] 
